
Learning Sparse Markov Network Learning Sparse Markov Network 

Structure via EnsembleStructure via Ensemble --ofof --Trees ModelsTrees Models

YuanqingLin, ShenghuoZhu

NEC Laboratories America

Daniel D. Lee a, Ben Taskarb

a Department of Electrical and Systems Engineering

b Department of Computer and Information Science

University of Pennsylvania



Introduction (1) Introduction (1) ---- why why sparsesparse Markov NetworkMarkov Network

É Sparse structure : 
1) real world are sparsely connected (e.g. genes, people, words)

2) sparseness in Markov network encodes conditional independence

3) discovering sparse patterns can be important for knowledge discovery

(http://www.pnas.org/content/104/31/12890/F2.large.jpg)A gene regulatory network



Introduction (2) Introduction (2) ---- existing workexisting work

× low tree-width Markov network

× Gaussian Markov networks

× General Markov networks 

see next two slides 

ÁTree Markov network(Chow & Liu, 1968)

ÁThin tree width (Bach & Jordan, 2001; Srebro, 2001; 

Chechetka & Guestrin, 2007)

L limited in 

modeling practical 

data

Jconvex, easy to optimize (1000x1000 problem solved in minutes)

X ¤ = argmin
X Â 0

¡ logdet(X ) + Tr(ST X ) + ¸
X

u6= v

jX uv j

JExact inference (but learning is approximate and very expensive)

(Banerjee et al., 2006; Friedman et al., 2007)



Introduction (3) Introduction (3) ---- existing workexisting work

JOptimization is convex ðgeneral extension of Gaussian MRF 
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X
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u;v
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negative log-likelihood l1-normsparsity regularization

Lee, S . - I . , Ganapathi , V. , & Koller, D . ( 2007)

LPartition function (and inference) is intractable in general

MAP estimation with Laplacian sparsity prior:



Introduction (4) Introduction (4) ---- existing workexisting work

wi ¡ 1

X i

X i + 1X i + 1X 1X 1 X 2X 2 X i ¡ 1X i ¡ 1 X MX M

wi + 1
w1 w2

wM

w¤
=i = argmin

w =i

¡ logP(x i jx=i ; w=i ) + ¸ jw=i j

pseudo negative log-likelihood l1-normsparsity regularization

Wainwright, M. J., Ravikumar, P., & Lafferty, J. (2006).

Pseudo-likelihood approach:

JEach individual optimization is convex (and simple)

L Pseudo-likelihood : requires a large amount of data for achieving 
good estimates



EnsembleEnsemble --ofof --trees (ET) model (1) trees (ET) model (1) 

---- probabilistic modelprobabilistic model

É ET model: 

mixture of (all possible spanning) trees model

partition function and data likelihood in closed form

sum over all possible spanning trees

P(x) =
X

T

P(x jT)P(T)

P (T) =
1
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Y

f u;vg2 T

¯u;v

Z =
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Y
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Data likelihood:

Tree probability:
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ET model (2) ET model (2) ---- partition functionpartition function

Partition function:

Matrix tree theorem:
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Y
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X 2
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0 otherwise Bu;v =

½
¡ ¯u;v if u 6= vP

k6= u ¯u;k if u = v
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3
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Z = det[Q(¯ )]
É Generalized matrix tree theorem: 

can be any nonnegative number¯u;v

É : encodes the structure of a graph¯

J Partition function: has a closed form



ET model (3)ET model (3) ---- data likelihooddata likelihood

Data likelihood:

J Data likelihood: has a closed form

P(x) =
X

T

P(x jT)P(T)

Data likelihood on a tree:
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ET model (4) ET model (4) ---- ML estimationML estimation

Subject to:

É Marginals (and wi): estimated directly from data

É Sparse solutions: tree number regularization

Given data


